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RAREFIED GAS Ovreamils

be ; -
ot E A D TR A ¥ 3
%9(‘4‘»)‘0 gi'fﬁa) QK%‘\w “/2{12)
{irst ovdsr perturbation density end velocivy are
n, (¥} and ulgx,ﬁ}, Temperature perturbations ave suppies-
¥ s
e2d tu zeic,

the Lrundaries at x =« 0% oscillate with velociries
vy w gy pap{~iwt). This cxponentizl time dependence s
. topeughout,  All daislurbanves sate usnumud U Aeoay
“ienwily rapidly with jx} se¢ rthae haly range Feorier
Lo way he applied dn G respesvive haly-pianes,
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cobtatped from a similar Integral in x0T,
of exp{~tkxi g k) diflers fron che usead
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fudie apaly v Tmlxd<O. The uerawrgaticn
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RAREFIED GAS DYNAMICS.

Q\" = 4V nc\A(O‘)fﬁé_& ) E“}' A2 ({\3 é ou..z dia
A R .(::“t sike) _ ‘ (e 44 'y

(5
where wg = whiv and from symmetry uﬁﬁ’) - wﬁ(ﬂ*).

Io Ref. 1, ve gave geparate expressions for the re-~
fiected distribution at the right piston for the limiting
cases of specular and diffuse-isothermal reflectior. Ex-
panding these expregsione to first order im v, subtracting
away B 8o(u) and adding the specular and diffuse results
in proper proportion gives -

(l-oin. Ny (VS (=) fta Gl 00 0 - a“}
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“where gy = fyugo(u)du and n,s~(0F) = £lugl(u,0*)du.

The substitution of this result inco Eq,(4) and the
application of analogous metbodq for x = O~ yielda

Qo) =m,n) - (1S 000 Tulh) 4o Sel) 4 S.0B) )
Qi) = Nl n)+(-0) S0 T (d) - 5 (R) = Suld) m)
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RAREFIED GAS OY HAMICS

In establighing Bgs.{?} end (8) we wue dp,/ou = ~(ufa§)gg,
The feprctions $,{k) have heen intraduced with :ba aié of
g1\4 L0t} e &, {~u G’) which follovwe frop aymmelry., Note
that

- & ‘ _,' Iy
S. 20)"'54(9)" ( U-ﬂ;(“:"g) du = N b (oY
= w-) & (- e
Qw'is ¥uown explicirtly, since nnuiﬁ*) -/ Jh (u, 0" > o
from 2g.(6). We have subscripted o, i Zgé‘jyxlﬂ ) gnd
nis,) definitions, since o, in chear funcrives refers Lo

the way the zere order distributiou i xe*lec*&m,

1

Together Egs.(4) aad (7} produce s paly oF veusples
¥eincr-dopf equagians

N, (k) = nid )~ (’;.-r)S (QJLQ'E e Selhie S o)

Ve N{bo)s (- r}‘:i%‘;‘r&ya C. ()= S. 0

which mast be golved for the unknoun Jengity © yangd orms

n. (k) and source rravsforms S;0x). A subseguant inversiom
« grangforme vields n, (xD aud the frcident distr

bubicus at the pisgtons, 51‘“'5 G

oW
ey

Eg. {9} shou’d be nnown to i-ni.
ane conttudes that ToiR) and & Aty
whoie & pline excepr along & ray feos % o= Ot
& nﬂmgi‘mOi i TedkisD, Anaiogous cute fur T.¢k} ana Stk
restde in 1mf{k)<0. The remaiving Funetions . Yo gud O
sre mon-anaiytic on tbe lige dividing the ¥ gauﬂﬂ £
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RARLFIED GAS DYNAasCS

D, (k) and D, (k). Each iorw say be analytically contioued

t rouguouc %he full k pisre, and each is found to be angly-
tic everywhere except for an eysentiel siagularity ac

k= 0, As k pieses to zero ip the right taif-plane or
withio the 90° sectors centired about the sranch cut,

D, {k=0)+D, (C) =~ (w'we} fimilarly, for paths left of the
cut or within :he 90° sectors Dzik-’m-vb {C) = D,(0).

Landau® -has—e:own--thae-the disparsion rela*ion écr forced
plasma oscillutiocns exhibily coanparable fectures.

it cap be lhmm that [ (k} possesses, at most, &
single zerc to the vight of'the D(k) cut ead ‘n infinity
«f gerss to the left meer k » 5. Similarly, D,{k} can
have one mrs to the lzft 2t the cut, and hes infinitelv
wany zesos to the right ncav the origin. As fu Ref. 1,
the furctions Dy ;(k} cen br related to the plamssa disper-
sion luaciion. ﬁulidw tlitz funciion’s 2BYEDLOLIL ra-
pregentetion, we find thet ior v/w>>1 the D, (k) zeres
ave st ko 2Ry = wme/a {led i/ wt0{W2 ) ], whitn correspond
te thie iso'hermal &aamé wodeg found fd continuwum Lrestments
o/ this pmblem. The loci (f theee zeros for arbitravy viw
rusth be delermided nomerliodlly. From Befs. 1 and 2, how-
ever, we ray couciude that the gualitative Crajecisaries
foliow th: dashed Fig. 2 curves. For some nminimum v/w
the zarct cress rhe cur, bat previcus etudies?,® attach ne
phyelcs. sigunificance tu tal: eveat.

Teatly, we obgerve thit the iniroduction of a finlte
upper tand on molecular :pev-ia, say {u {<c, c»>6, wovee the
brasch nints for ail the “p.is™ and “minus" functions from
the origiv to k = s fe, res; muwaly. This opens up a
Ba(k) «in strip of widths 2/t aleng which all these func-

tions, !nmeluding D(ky, ars aoilytic.
Special Snlutions

" A, Speeuwlsr Refiection {0 < g5 = 1)

The s 6f the Bgs,(Su) and (9b) for specular reflec-
" tion 7

nit) = f\mw,mw %&5}121@51 %ﬁgx
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RAREFIED GAS DYNAMICS

Eq.{11) 4s equivalent to Eq.(9) of Ref. 1 with temperature
pecturbations set to zevo. Like D{k) the function .4 (ik,1)
poss2sses a branch cut from k = -gw to 4mm. To the right

and left of this cut it has the forms .d (k) aud A’zck).

. reapeciively.

Bq.{11l) has the Fourier iaversion

nex = oL [ ) UL (k) 2 s }
2 b .

For x>0* this may be evaluated over the Pig. 2 contour.
The incegrzl at infinity makes no ceotribution., From the
poie 8y k and cthe brsnch cut we obtain

ilt &
h.é’x’m’;’ YA dle x /J-._;_ éﬁ/é
Dkl
{13)

The coefficient v is unity 4if k, reeides to the right of
the it gnd zero othervise. Foib arbitrary v/4 Eq.(13) oust
be evsiuated nrumericselly, ss 1o Ref. 1. But for v/e>>l
ﬁ:'§m;7§6{i331"h§§iiféflé‘&éiéfiptfééimééﬁ”Eebfcand.

The integrels

b= = { ] | b ;m : fro]

(14}

will Beparate* £(k} iate percvs which are non-analytic in
only the upper or lower half-plane provided that #(k) is
analytic on & real axis strip, and that f(k+ie)vic"P, p>l
for k in thie strip. The contour for [ ], passes alosg the
real ¢t axis sad above the pole at ¢ = k k real. The [ j.
contour passes below this pole. Then, E(k} = [£{t)]}4 +
()i,

Applicaticn of RBq.{14) to Eq.(1ll) yields
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HAREFIED GAS DYNAMICS

pYiL) can be zero and/cr non-anaiytic in coly
zeros and non-anzlvtic chacacter of D7Tik;} sre
Cleavly, Uik; = ‘*“ik) 2 k).

Wricte Eq.{18) a8

Dthnid) = bl - S 1.6
DA

&l +

Fron Bg. (8) 75;(& oﬂ}, Tplk) and S_(kj ail decay
asamptian 4¢(n) has sinliar astn[tutat tehavior.
rietdy

¥ezw, o By &
Applicazion of [ Je to Eg.t20), therefore

3t

- § 7

Tmidky i
- e -~

it im{K:au.
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} ﬂﬁ) (26

Sk

a8 1k for

f e T
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nelkl= _{ ??Higuf - D104t/ ] Lt
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D L 4 Dik LEe
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Stz -0 imee-Soili] - -DEC-(o
{ (¢ 4
: ¢ B {21t}
Ege. {21a), {21%) defize C. f%). Putting b =~ 0 dip T, (2iled,
we complete the transiorm s2lution with
j‘}hf I ) .
,m,tv’.lj[ FT/}’ 4 Fropi ]
S {(’}"" i};, 'f},t" .Lf»‘f‘»; - - ijj‘;\w{' {f
L EREIT el I S ] f
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A ; e nnn
z} 73'* j“; ¥ e \.&2}
The exsct density distartance faor di{fuse reilection
is then given by Foutier iuversien of Lx.{llaj over the
Fig. 2 cuntour
JI 3 “5 -
= D dé) Mé L z Nl
0:{!>O+L'¢fa/‘ ilf, 'E 4+ {Lﬁ o lep ?ﬁ —é
ébf ] 2 ]
J«é M Y & Oy 2y #
. {23,
An iavolwed aumerical cazaulation }9 pzeded Lo compute
ny (k) exactly fer arbitracy win.  TTovaver, asymp§u11( SE
sx iotions of the solution arc pags’ Yle, a3 we shall see.
Nore that che usse of ng from Fg.(Ziad in Bg. (L7 glves the
cowident diffuse distribatican.
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RAREBFIED G/ . DYNAMILE

C. Asyihoide Mreatnment {arbitrary o)

Cong.alir che sulMl ny(X)+oa (k) = H(K)/D(k). Siuce
n. (ki meket 0o x>0 contribution, inversion over tae Fig. 2
costour mat gzive

- ids o | idzy,
Mh(zs oY ‘%)f i E%f[g:ug‘]e “ (24)

5 s * ”
e

F-om {a.(/} we see that M{k) = Qk,0")+0Q(k,0") is f rwally
indepetimit of § (k3. Thue, the intzgrand fm Eq.{) can
be reariaiged to
VAN - R A + 1) ke
{MLEQ- DS n + s aN-G-0)S. ) g.gjj?e
D41 D.A) (23)

o The jum AD, &Y, ete. are readily computrd from the

Eg.(5) and (1} definitfoms. Tach contsins gog'.s?fk'}‘, 80 .

thet the over\ll integrani Las the expopentiel fascter

. Py .
expfouh . odxg
, F{gﬁucgi j
In Bef. 1, we sivwed thist the signlficant e.dila puint for
this factor is at k; = [u2/{aln){3/3ei®, @ ~ «/2-2/3 axctanm
{w/v]} with © meacired from the positive Re'7; axis. Thus,

“following Ref, 1, our fucsgrel czn be appx.zimated by the

method of steepest jascent. The exponenti:l factors in
the integrand are avaluated ar k. and breight outside the
iaregral sign. Uince as itw, k,+0, we ormpute Iy {k ) and
M, (k.) at k = 0 for the l:adisg term ip ocur asymptotic
ectimate. But, ¥, (0,0) = Tn(0)+ ¢h(0) which 1s fully
kuown. Wurther, we find that 5.{U)AIfkg) may be dropped
in comparison to M (04D Ck,) a8 k20, The lesding ‘
4symptotic brapch cut contributicn, F,.(x), ie, therefore,
independont of §, and 1s

B.0)= 2 p 8 iynfis, %0 e T
V- Gel et R P erp [y
e C_J_églx ; _R:}f{%’ J ﬂ:—% t\"‘*“h(t‘/d

(26)



RAREFIED GAS QYMNAMITS

An examinaticn of M{k,o) which we bﬂit shows hatl ior
¢/w>>l and arbitrsry o, Mk ) = 2"{0,5.). Evaluazing (U/jek
asymproticaily, as in Ref. i and computlﬂg”hwxo 9, ) from
Eq.(8}, we obtain for §N°/3°§X>>l the asymptotic, covL1~

 ngum result

n(x>o)= Nalf cﬁ'{’z+ B,.a A, =L (1+2:4]
s " T an

The General Solution

Eqg. {9 can b& rearvanged to the vector form

i ’

'n !n [?}’l-i—c}"?z-'(*""'}«} \"'(_H,* a;[l
{ ‘\5 u{ \ Y | }
\S.) .} \nsv-o1S.wl /

where LY SN .f.f_‘:,l-?i\
'

Mé) = ‘ h DL {28)
-DiA)  -o

The generai theory of :iﬂnltanaous Wienev~Hop! egqua-
tiong®r7 tells wi that, 3{ G(x) can be faciored lato two
non-gingular matrices G(k) = GT(RIE~(x), with () and
& {w) pon-anglviic in In{k)»0 and Im{k}<D, respectively,
then £g.(28) can be sclved by mathods anaicgous ta those
vieiding cur earifer diffuse soluticn. Now for o = 0 and

= % 3c¢eptahlu factorizativas are

‘ /o ty ) N = =
Glh o)=] NP PN Gles Eo)

f 1 . -

-t o /\° B

_(}\u

{1 csYfi o = 4 =_, (29)
134\ 7~y
Gla1j=] | |- Gléi) G
(—lﬂ,. ~if\-e- 1y
with D{k) = i~ek) sad ¢, = [e(t}],. Use of theg2 diifuse

and gpecular matrices ylelds cur earlier results. Fur




RAREFIED GAS DYNAMITS

arbitvavy g, boizver, factoriz tion Ly JI‘Q;:?f‘Ci:‘“ iloear
vector space ragevmations, and motrig oipones

all seem to Fail Ise ueusl altervative L3 to ?a’w
£g.(28) o & 82t conpled Tredhslm equations

can then be Bolve by jteration. Cercigua.® sui

Frammera problem 1 this wav. We prefer, ‘oweve
develop iterative shimes based directay o che %g
transform eguationt This correspounds & tne |
fectocdzation Oof Gy, as sygested in nskhellsh
ialent edi:ion?

A, Cpecular Iteracin

o )
Ahssume the 4:.))(1)6 niors ny = patm, 1, S. s ZGQS;ﬂ ard
8y (u,0t) = Tadg ) (u,0) “'*‘-h a v l-¢. Scbstitute these
wepies in Eq.i%i. Siae’my o) and Tl .oﬁ'} ERE A
exxoniy, they are lel un2) nced. zznzm vider in o we
¢xtrace and add the PQ@time ‘or n(f:) 3 w093, ihere
reaulis
\ s 4[3-‘/‘ 1
{3 “Z F 4
nY = ”94 - Wiz . < 200
N
ot ja j;d&’}

134
,
But, wiih pent?? rhis 1o dd atind O BC i1y evoapt thst
1

o, ie pc longper ut‘;‘a?acd" x(:* e BRUS. Cus £11) rhicough
is pro-

(17Y give 6i0?, f‘*" and gY7 (¢ 1,0%) wne,
perly chosen.

Physicalxr thisx q = 0 goiv.ion Se3Crhe. lne gapad
disturbences niuced by a pinr'-' which Tafiats o tuY
with the corrdt fractiogsl @lc mwoaioidi, = ode

‘Y - . R " ) .
turned pertubadon, £;9/(us0, g, 15 spen oy reflec.ed,

»..\

}:D HECES

For . it 7ing

} Algei) )
g - ? : o o
n Lf' [ ..4- 9') ‘T 1= (0) .[ .~,:”é:...‘....~«‘5--— z ’{’\,MA';;’:
! Dk i)

f5i - %) (1) 1%

P 1 g . (AT
Sﬁ - ..«r;,)_.}fl.;" ey ?;,’{ugg::i}“&?}ff kﬁ}« }{?{: _,J'i 3 el
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s RAZFT D GAS DYNAMICS

Tae g'P [urate deseribes the additional i’igturﬁauce, when
o fractiv: % of the faviduiac distribution gﬂ?"* {aS0, 003
iz convert-4d to Maxweillasn foram st the uiat.oﬂs and recnit-
ted. From “his new emissioy fellows the specularly re-
£1ef'ted retuqa distridution, gi% {usC,0+) .

In the fiece noleculer egime the relurned distributions
are 0(vfe} su2'ler thai rhat those originally emicted, s
may be verified with Bq.(31) Thus, for viwecl and a = O
our iterative pivcedure will rapidly couverse. In the coun-
. tiavuen regime the incident fistributions differ from Maxwel-
- iian form vﬁly to crdar wiv,  Bat, at each itevative siage
i only this differeiie 4s vwer'ited, ac¢ that rapid convérgence
{e slso expected i wfue<l,

Finally, oz o @all encii to lassure unlfe:e convoer-
gence Fay veal ¥, we {yrart iz transfom series temm by
tere over the Fig. 2 somfour, o -taining ths exact foimal
suletion. '

,\3 L,} P o ’(ﬂ j‘?} A :,
2 3;3;3‘;; AL Al

(323
B. Difivae itéxation
‘j - ‘ f‘ 1 EY -{
Let m, = Zo” ﬂx‘j » Fet Ko wsd ing gL(u;-i}ﬁ} = ?fifr“*glf‘-*),
We subatitute ctheae sevies lpio ,ﬂ,gﬁ} The i = {0 sgqua-
tivn 15 simply Eq.(if) with npesudod sng 3_.,53:0} The
covresponding sclutiony are jiven vy Hq.{21) and (227,

Tar Wl we fiod

e 4;3: LIth) %ré é;/ = - A ( 33

PR & o K

. . N A

) o w2 f .‘\‘ ) [ ‘\"'f {) PG H

M Lt P ‘c . { £y Pu....z.‘... H
~ . ){ o L& -~ IN 1
wa{‘:;g«? - 5 fod)fs Ty AW ._,:a)}:. (D7 dad
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